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EXTREMAL PROBLEMS IN BERGMAN SPACES AND AN 
EXTENSION OF RYABYKH’S H p REGULARITY THEOREM 

FOR 1 < p < oo 


TIMOTHY FERGUSON 


Abstract. We study linear extremal problems in the Bergman space A p of 
the unit disc, where 1 < p < oo. Given a functional on the dual space of 
A p with representing kernel k E A q , where l/p + 1/q = 1, we show that if 
q < qi < oo and k E H qi , then F E i/(P —1 )9i. This result was previously 
known only in the case where p is an even integer. We also discuss related 
results. 


An analytic function / in the unit disc D belongs to the Bergman space A p if 


i Ip 


wfu* = [fjKzrMz)} 


< oo 


where er is normalized area measure (so that cr(D) = 1). For 1 < p < oo, each 
functional (/> € ( A p )* can be uniquely represented by 



for some k € A q (called the kernel of </>), where q = p/{p — 1) is the conjugate index. 

In this paper we study regularity results for the extremal problem of maximizing 
Re 4>(f) among all functions / £ A p of unit norm. An important regularity result 
is Ryabykli’s theorem, which states that if the kernel is actually in the Hardy space 
H q , then the extremal function must be in the Hardy space H p (see [14| or [B] for 
a proof). In 7J, the following extensions of Ryabykh’s theorem are shown in the 
case where p is an even integer: 

• For q < qi < oo , the extremal function F £ 7 J(p _1 )<?i if the kernel k £ H qi 
(if qi = q this is Ryabykh’s theorem). 

• If the Taylor coefficients of k satisfy a certain bound, then F £ H°°. 

• The map sending a kernel k £ H q to its extremal function F £ A p is a 
continuous map from H q \ {0} into H p . 

• For q < < 7 i < oo, if the extremal function F £ H^ p ~ 1 ^ gi , then the kernel k £ 
H qi . (In fact, the proof in [7] shows that this result holds if 1 < qi < oo). 

We show that the first two results above hold for all p such that 1 < p < oo. We 
also show a weaker form of the third result holds for 1 < p < oo, while a weaker 
form of the fourth holds if 2 < p < oo. It is an open problem whether the last two 
results hold in their strong forms for 1 < p < oo. 

To overcome certain technical difficulties in the proof, we rely on regularity 
results from (12j for extremal functions with polynomial kernels. These results rely 
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on regularity theorems for complex analogues of p-harmonic functions. Our paper 
also uses an inequality based on Littlewood-Paley theory that was proved in [7]. 


1. Extremal Problems and Ryabykh’s Theorem 


We now introduce the topic of the paper in more detail. (See [7] for a slightly 
more detailed introduction). If / is an analytic function, S n f denotes its n th Taylor 
polynomial at the origin. We denote Lebesgue area measure by gL4, and normalized 
area measure by da, so that cr(ID)) = 1. 

We recall some basic facts about Hardy and Bergman spaces. For proofs and 
further information, see [3; and 0. Suppose that / is analytic in the unit disc. For 
0 < p < oo and 0 < r < 1, the p th integral mean of / at radius r is 

f I r 2 ^ 'i !/p 

Aaf,r) = {-/ o | f(re i8 )\ p dej , 

whereas if p = oo it is 

M 00 (f,r)= max \f(re l8 )\. 

The integral means are increasing functions of r for fixed / and p. An analytic 
function / is in the Hardy space H p if M p (f,r) is bounded. The radial limit 
f(e l8 ) = lim,,^!- f(re l8 ) exists for almost every 9 if / is an H p function. For 
0 < p < oo, we have that f{re x8 ) approaches the boundary function /(e® e ) in 
L p (d9) as r —> 1 _ . Two H p functions whose boundary values agree on some set of 
positive measure are identical. The space H p is a Banach space with norm 

\\f\\ H p = sup M p (f,r) = \\f{e l8 )\\ L p. 


Thus we can regard H p as a subspace of L p ( T), where T denotes the unit circle. If 
1 < p < oo, the space H p is reflexive. 

If / £ H p and 1 < p < oo, then S n f —> f in H p as n —> oo, where S n f is the n th 
partial sum of the Taylor series for / centered at the origin. The Szego projection 
S maps each function / £ L 1 (T) to an analytic function defined by 


s/M 


— r it 

2n J n 1 — e lt z 


for \z\ < 1. It fixes H 1 functions and maps L p boundedly onto H p for 1 < p < oo. 

OO OO 

If / G L p for 1 < p < oo and f(9) = ^ a n e m8 , then Sf(z) = ^ a n z n . 

n =—oo 7i—0 

For 1 < p < oo, the dual space ( A p )* is isomorphic to A q , where 1/p + l/q=l. 
A functional <j> £ (A p )* corresponds to k £ A q if <j)(f) = f B f(z)k(z) da(z). This 
correspondence is conjugate linear and does not preserve norms, but it is the case 
that 

(1-1) II0|I(Ap)* < ||*|U. < C p \\(j)\\( A py, 


where C p is a constant depending only on p. It can be shown that C p < 7rcsc(7 r/p) 
(see [2] and the proof of Theorem 6 in Section 2.4 of 0 )- As with Hardy spaces, if 
/ £ A p for 1 < p < oo, then S n f —> f in A p as n —> oo. 

In this paper the only Bergman spaces we consider are those with 1 < p < oo. 
For a given linear functional </> £ (A p )* such that <f> ^ 0, we study the extremal 
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problem of finding a function F £ A p with norm ||.F||aj> = 1 such that 

(1.2) Re<j>(F) = sup Re </>(g) = ||0||. 

IIsIUp=i 

Such a function F is called an extremal function, and we say that F is an extremal 
function for a function k £ A q if F solves problem (E3 for the functional (f> with 
kernel k. Note that for p = 2 the extremal function is F = fc/||fc||A 2 - 

For 1 < p < oo an extremal function always exists and is unique, which follows 
from the uniform convexity of A p . Also, for any function F of unit A p norm, there 
is some k such that F solves for the functional (f> with kernel k. and such a 
k is unique up to a positive scalar multiple. Furthermore, one such k is given by 
V(\F\ P /F), where V is the Bergman projection (see [jjjj and El)- 

This problem has been studied by many authors, e.g. in a, m, ei, m, ca 
and m • Regularity results for solutions to this and similar problems can be found 
in [6], [3, M an d HU- See also the survey [F. 

Even though it is well known, we restate the Cauchy-Green theorem, which is 
an important tool in this paper. 

Cauchy-Green Theorem. If 12 is a region in the plane with piecewise smooth 
boundary and f £ C 1 (n), then 

b [ f C 2 ) dz = [ dA(z), 

2* Jon Jn oz 

where <9f 1 denotes the boundary of It. 

The next result is an important characterization of extremal functions in A p for 
1 < p < oo (see [15], P- 55). The last part of the theorem follows from the previous 
parts by a standard approximation argument. 

Theorem A. Let 1 < p < oo and let <j> £ (A p )*. A function F £ A p with 
\\F\\a*> = 1 satisfies 

Rec/)(F)= sup Recj)(g) = ||^>|| 

IIsIIap=i 

if and only if Recj>{F) > 0 and 

[ /i|F| p-1 sgnF da = 0 

J D 

for all h G A p with 4>(h) = 0. If F satisfies the above conditions, then 

j h\F\ p ~ 1 sgD.Fda=j^- 

Jo Ill’ll 

for all h £ A p . Furthermore, suppose that 4>(f) = J B fkda for some k £ H°°, and 
that F £ H°°. Then 

[ h\F\ p ~ 1 sgnF da = ( hk da 

J D J D 

for any function h £ L 1 . 

Ryabykh’s theorem is a result for extremal problems in Bergman spaces that 
involves Hardy space regularity. It says that if the kernel for a linear functional is 
not only in A q but also in H q , then the extremal function is in H p as well as A q . 
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Ryabykh’s Theorem. Let 1 < p < oo and let 1/p + 1 /q = 1. Suppose that 
4> £ ( A p )* and <f>(f) = J B fkda for some k £ H q . Then the solution F to the 
extremal problem O) belongs to H p and satisfies 


(1.3) 


\\ F \\hp < 


max(p — 1,1) 



Hi 




where C p is the constant in (ED. 


Ryabykh proved that F £ H p in [14] , The bound (11.31) was proved in [6] by a 
variant of Ryabykh’s proof. 

In [7], it is shown that if p is an even integer, then for q < qi < oo the extremal 
function F £ Hl p ~ l l qi if anc f only if the kernel k £ H qi . It is also shown that if the 
Taylor coefficients of k satisfy a certain bound then F £ H °°, and that the map 
sending a kernel k £ H q to its extremal function F £ A p is a continuous map from 
H q \ {0} into H p . We show that some of these results hold for any p such that 
1 < p < oo and that the others hold in weaker forms. It is still an open problem 
whether the weaker results can be improved so that they correspond to the results 
from the case when p is an even integer. 

We need the following lemma for technical reasons. 


Lemma 1.1. If k is a polynomial, then F' £ A r for some r > 1, and F £ H°°. 

This follows from Corollary 2.1 in m ■ See page 944 of that paper for a justifi¬ 
cation of the fact that F' £ A r . 

The next lemma is a simplified version of Lemma 1.2 from [7j. 


Lemma 1.2. Suppose that 1 < p\ < oo and 1 < P 2 ,P 3 < oo, and also that 

, 1 1 1 

Pi P 2 P3 

Let fi £ H Pl , fa £ H P2 , and fa £ H P3 . Suppose further that fifafa is in A 1 . Then 

A/ 2/3 da < C\\ fa || HPi\\fa\\m4f3 \\hps 

j 

where C depends only on p± and P 2 ■ Moreover, if P 3 <00 then 
[ A/ 2/3 da = lim / Tif 2 (S n faY da. 


The assumption on A A A is not essential, but without it the integral on the left 
needs to be replaced by a principle value. In the next lemma, the notation H/Ha 00 
means the L°° norm of / on the disc, which of course is equivalent to the H 00 norm. 


Lemma 1.3. If 1 < p < 00 and f is an analytic function with derivative in A p , 
then 

ll/IU^ < UWhp < IIAHap + |/(0)|. 

The first inequality holds if f £ H p . 


Proof. The first inequality in this statement is from and actually holds for 
0 < p < 00 . To prove the second inequality for 1 < p < 00 note that if /(0) = 0 
then 


I- = 


/'(re 1 V® dr 


dd < 


27T 


| f'{re ie )\ p drd0 
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by Jensen’s inequality. But by Fubini’s theorem, the last displayed expression 
equals 

,1 M/2 

/ M p (r,f')dr = / M p (rJ') + M p (l-r,f')dr. 

Jo Jo 

But the integrand in the last integral is less than or equal to 
2 rMg(r, /') + 2(1 - r)M p (l - r, /') 

since M p (r, /') < M p ( 1 — r, /'). But this means that the last displayed integral is 
bounded above by 

f 1 M^r,f)2rdr=\\fr AP . 

Jo 

If /(0)^0 note that 

WSWm < ||/-/(0)||hp + l/(0)| < H/'IU, + |/(0)|. 

The proof of the second inequality in the case p = oo is even easier, since then 
|/(e if? )| < sup 0 < r<1 \ f'(re ie )\ + |/(0)| for each 6. □ 


2. The Norm-Equality For Polynomials 


Let 1 < p < oo and let q be its conjugate exponent. Let k £ H q and let F be 
the extremal function in A p for k. We will denote by </> the functional associated 
with k. Define K by 

(2.1) K(z) = - ffc(C)dC; 

z Jo 

thus ( zK)' = k. Note that ||iv||if« < ||fc||ff<! (see [6], equation (4.2)). 

The first result in this article corresponds to Theorem 2.1 in 7]. 


Theorem 2.1. Let 1 < p < oo, let k be a polynomial that is not identically 0, and 
let F € A p be the extremal function for k. Then 


1 

27T 



\F{e ie )\ p h(e ie )d9 = 


1 

27r||0|| 



d6 


for every polynomial h. 


The proof of this Theorem is very similar to the proof of Theorem 2.1 in [7]. 
However, the proof in [7] also works if k is any H q function. 


Proof. Note that F' £ A s for some s > 1. By Ryabykh’s theorem, F £ H p . Now, 

J- [ 2V \F(e i0 )\ p h(e i0 ) d6 = lim / \F(z)\*h(z)zdz, 

2tt J 0 r—>i 2nr J d{rB) 

where h is any polynomial. Apply the Cauchy-Green theorem and take the limit 
as r -A 1 to transform the right-hand side into 

{zh)'F + ^zhF^ |F| p-1 sgnF dA(z). 

We may apply Theorem lAl to reduce the last expression to 



(2.2) 


miU izhYF+ ^ hF ^ kdAiz) - 
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To prepare for a reverse application of the Cauchy-Green theorem, we rewrite the 
integral in (12.21) as 



^^z{(zh)'FzK} dA(z). 


Since F is in H p and both k and K are in H q , we may apply the Cauchy-Green 
theorem and take the limit as r —> 1 to see that the above expression equals 



□ 


As in [7], taking h = 1 gives the following corollary, which we call the “norm- 
equality.” 

Corollary 2.2. (The Norm-Equality). Let 1 < p < oo, let k be a polynomial 
that is not identically 0, and let F be the extremal function for k. Then 



We use the norm-equality to give the following theorem, which corresponds with 
Theorem 2.3 in [7]. Unfortunately, the theorem in this article is weaker, and it 
seems difficult to prove a statement as strong as the one in [7]. In the statement of 
the theorem, F n —*■ F means that F n converges to F in the weak sense. 

Theorem 2.3. Let {k n } be a sequence of functions in H q \ {0} and let k n k in 
H q , where k is not identically zero. Let F n be the A p extremal function for k n and 
let F be the A p extremal function for k. Then F n —*• F in H p . Furthermore, if k 
and all the k n are polynomials, then F —» F in H p . 

Because the operator taking a kernel to its extremal function is not linear, one 
cannot automatically conclude that F n F just because the operator is bounded. 
It seems likely that F n —» F holds for any k n and k in H q such that k n —> k, and 
not just for polynomials, but we do not know a proof of this. 

Proof. The proof is basically identical to the corresponding proof in [7], but we will 
summarize it for the sake of completeness. 

To see that F n —>■ F in H p , note that if F n did not approach F weakly in H p , 
then since Ryabykh’s theorem implies that the sequence { F n } is bounded in H p 
norm, the Banach-Alaoglu theorem and the reflexivity of H p would imply that some 
subsequence would converge weakly, and thus pointwise, to a function not equal to 
F. But k n —> k in A q , and it is proved in [6j that this implies F n —> F in A p , which 
implies F n —> F pointwise, a contradiction. 














AN EXTENSION OF RYABYKH’S THEOREM FOR 1 < p < oo 


7 


If k and all the k n are polynomials, then the fact that F n —^ F together with 
the norm-equality implies that \\F n || Hp ~> ||F||#p. Since F[ p is uniformly convex, 
it follows from F n —*■ F and ||F n ||ijp ||F||jjp that F n —> F in H p . 

□ 


3. Fourier Coefficients of \F\ p 

We now give some results about the Fourier coefficients of |F| P that follow from 
Theorem l2.ll The first result gives information about the Fourier coefficients of |F| P 
for nonpositive indices. Since |F| P is real valued, it also indirectly gives information 
about the Fourier coefficients for positive indices. 


Theorem 3.1. Let 1 < p < oo. Let k be a polynomial (not the zero polynomial), 
let F be the A p extremal function for k, and define K by equation (12.11) . Then for 
any integer m > 0, 


1 

277 



\F(e ie )\ p e imf> d6 = 


1 

27t||0|| 



(f) fc+ ( 1 -f) (m + 1) ^. 


do. 


Proof. Take h{e lB ) = e lm6 in Theorem 12.II 


□ 


The next result is a bound on the Fourier coefficients of |F| P . 


Theorem 3.2. Let 1 < p < oo. Let k be a polynomial that is not the zero poly¬ 
nomial, and let k have associated functional <j> £ (A p )*. Let F be the A p extremal 
function for k. Define 


bm — 



\F(e ie )\ p e~ im6 d6, 


and let 


Then, for each m > 0, 


N 

k(z) = y c n z n . 

n —0 


I | — |^— m\ — 


ll^ll^ 


N 

E 


1/2 


The proof of the theorem is identical to the one found in [7], and thus will be 
omitted. An interesting observation is that this theorem implies that |F| P is a 
trigonometric polynomial of degree at most N. 

The estimate in Theorem GU can be used to obtain information about the size 
of |F| P (and thus of F), as in the following corollary. 


Corollary 3.3. If k £ H q \ {0} and if c n = 0{n “) for some a > 3/2, then 
F£H°°. 


Proof. Assume first that k is a polynomial. Observe that for m > 2 we have 
iu _ iio J m —1 

and thus 


£(n-“) 2 < 


2a- 1 


E 


1/2 


< c 


(m — l)! 1 / 2 ) 
V2a- 1 
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where C is the constant implicit in the expression 0(n “). Thus we have (for 
m > 2) that 




Therefore, 


E \b- m \ = £ M < C 


m— 3 


m =3 


< c 


Ill’ll 


11*11 


H 2 


H 2 


y/2a-l 

°° (x - l)( 1 /2)-« 
V2a- 1 
1 

(a- 3/2)V2a^l' 


■ dx 


But this implies that 


E \b m \<c-^\\F\\ H2 

n= — OO \\r\\ 

Since each \b m \ < ||F||^ P < oo, we have that 

Since ||F ||#2 < ||F||#°o < oo, we have that 

V 1 


(a - 3/2)V2a- 1 


E 


m =—2 


5||Ff 


tfP* 


11*11^ < 


5||*T 


tfP’ 


IMI (a -Z/2)y/to=l 

Here we have also used the fact that H-FH^ < ||F||^p = 1. 

Now we drop the assumption that k is a polynomial. Let F n be the extremal 
function for S n k , and let (f> n be the corresponding functional. By Ryabykh’s theorem 
and the fact that S n k —> k in H q , the sequence ||F„||h- p is bounded. Now, the above 
displayed inequality holds with F n in place of F and (j> n in place of <j>, since C can 
be taken to be independent of n. Also, it follows from the fact that S n k —> k in 
A q that 4> n — > (j> in ( A p )*, and that F n —> F in A p and thus uniformly on compact 
subsets. Therefore, 


\\F\\ P ~2 <\unm{\\F n f-2 < C P 

n—yoo 

This proves the result. 


1 


+ 51iminf 1111 - 


H °° ~ — " n " H ~ ~ H\\ (a - 3/2)72^1 - — " n " HP ' 


□ 


4. Relations Between the Size of the Kernel and Extremal Function 

In this section we show that if 1 < p < oo and q < q± < oo and the kernel 
k G F[ qi then the extremal function F G H(p _1 )9i . For qi = q the statement reduces 
to Ryabykh’s theorem. For p an even integer, this statement and its converse are 
proved in [7]. It is still an open problem to decide if the converse holds for general 
p , although we prove a weaker result similar to it. 

We first prove the following theorem. 

Theorem 4.1. Let 1 < p < oo and let q = p/{p— 1) be its conjugate exponent. Let 
F G A p be the extremal function corresponding to the kernel k G A q , where k is a 
polynomial. Let p < pi < oo, and q < qi < oo. Define p -2 by 

1 1 1 

— + — + — = 1 . 

qi Pi P 2 
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Then for every trigonometric polynomial h we have 


\F{e i0 )\ p h{e ie )dO 


/o 


< C'- 


\mi 


\A<i 




LP2 , 


where C is some constant depending only on p, p\, and q±. 


Note that the case P 2 = oo occurs if and only if q = q\ and p = p\. The theorem 
is then a trivial consequence of Ryabykh’s theorem, so we need only prove the 
theorem if P 2 < oo. 


Proof. Let h be an analytic polynomial. In the proof of Theorem 12.11 we showed 
that 

T jf IF(e«)|'ft(e«) M ^ + | zhF') k <L4 W . 

Apply Lemma 11.21 separately to the two parts of the integral to conclude that its 
absolute value is bounded by 

c W\^ Hgi 


where C is a constant depending only on pi and q \. Since 

1 C 

W\-¥u* 


by equation (ED, the desired result holds for the case where h is an analytic polyno¬ 
mial. If h is an arbitrary trigonometric polynomial, then as in [7] the boundedness 
of the Szego projection can be used to show the result holds. □ 


For a given q\ > q, we will apply the theorem just proven with pi = {p — l)qi 
and with p ' 2 chosen to equal pi/p, where p ' 2 is the conjugate exponent to P2 ■ This 
allows us to bound the H Pl norm of / in terms of ||0|| and ||/c||ij9i only. 


Theorem 4.2. Let 1 < p < oo, and let q be its conjugate exponent. Let F € A p be 
the extremal function for a kernel k £ A q . If for some q± such that q < q± < oo the 
kernel k £ H qi , then F £ H Pl for Pi = (p — l)?i- In fact, 

V(p-i) 

\\F\\ h >i < C 


f\\k\\ 


Hi i 




\Ai 


where C depends only on p and q\. 


The proof of this theorem is identical to the proof of the corresponding theorem 
in [7], so we give a summary. 


Proof. The case qi = q is Ryabykh’s theorem, so we assume q\ > q. Let p± = 
(p- l)gi; thus pi > p= {p- 1 )q. Let p 2 = Pi/(pi -p), so 



qi Pi P2 


and p 2 = P\ Ip and 1 < P2 < oo. Let F n denote the extremal function corresponding 
to the kernel S n k (where we choose n large enough so that S n k is not identically 
zero). Then for any trigonometric polynomial h , Theorem 14.11 implies that 


1 

27T 



\F n \ p h{e ie )d6 


< c \\S n k\\H<n 
\\S n k\\ Aq 


llTkll^pi ||/i||lp2. 
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Taking the supremum over all trigonometric polynomials h with ||/i||lj >2 < 1 gives 


\\Fn \\ P HP1 


= lll-Fi,. 




11 S n k 11 


mi 


ii^fcii 


IF, 


A* 


n\\H p i • 


Because ||.F n ||#Pi < oo (since S n k is a polynomial) we may divide both sides of the 
inequality by ||-F n ||iJPi to obtain 


\\K\\ 


P~ 1 
HP i 


<r \\s n k\\ Hn 

- ||5„fc|U. ’ 


where C depends only on p and q\. Taking the limit as n —> oo gives the desired 
result. □ 


Recall from Section [T] that if F £ A p has unit norm, there is a corresponding 
kernel k £ A q such that F is the extremal function for k, and that this kernel is 
uniquely determined up to a positive multiple. Thus, it makes sense to ask if the 
converse of Theorem 14.21 holds. That is, does F £ F[( p ~ 1 ) qi imply that k £ H qi l If 
p is an even integer and q < q± < oo then by Theorem 4.3 in [7] this is the case. 
In fact, the proof in [7i| works for any q± such that 1 < gi < oo (as long as p is an 
even integer). For general p we do not know if the result is still true. The result 
does hold if 2 < p < oo and 1 < qi < oo and if F is nonvanishing, since the proof 
in [7j works in that case. For general F we can prove the following weaker result 
for 2 < p < oo. 


Theorem 4.3. Suppose 2 < p < oo and 1 < qi < oo. Let F £ A p with ||F||ap = 1, 
and let k be a kernel such that F is the extremal function for k. Let pi = q±(p — 1) 
and let P 2 = pqi/(qi + 1)- If F £ H Pl and F' £ A P2 then k £ H qi and 


\Hi i 


< 


\Ai 


IT 

CSC | — 


11*11 


p-1 

HPl 


+ 


p-2 


(IIF'IUpa +|F(0)|) p - 2 ||F , |Up 2 ^ , 


where C p is as in inequality (ED. 


Proof. Note first that the case p = 2 is trivial since then F and k are constant 
multiples of each other, so assume p 2. Let q denote the exponent conjugate to 
p. Let h be a polynomial and let <fi be the functional in (A 15 )* corresponding to k. 
Then by Theorem lAl and the Cauchy-Green theorem, 

]TTj| / k(z){zh{z))'da 

Ill’ll J D 

= f \F{z)\ p ~ 1 sgn(F(Fj){zh(z)yd(7 

J B 

= lim / {r|F| p_1 sgnFzh] — P ^ \F\ P ~ 2 F'sgnF 2 zh\ — 

JrO { OZ 2 J 7T 

= lim — / \F\p~ 1 sgn Fzhdz- [ |F| P " 2 F' sgn F 2 zh dcr 

r-s-i 27r Jo(rO) J D 2 

-| /* 27T /» q 

= — / IF\ p - 1 (sgn F)hdO- / —|F| p_2 F / sgivF^zhdcr. 

2t Jo J d 2 

Here we have used the fact that |F| P_2 F / £ L 1 , which follows from the fact that 
(p — 2)/p + 1 / p 2 < 1. Now apply Holder’s inequality to the first integral using 
exponents qi and q[ = qi/{qi — 1), and apply it to the second using exponents 
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2 p 2 /(p — 2) and P 2 and 2 q[ to obtain that the above expression is bounded above 
in absolute value by 

II 

But by Lemma ITTil this is at most 

(ii*ii&+ iF(o)ir- 2 iiF'm P2 ) \\h\\ Hg ,. 

Let C equal the part of the above expression in parentheses. Then 


k(z)(zh(z))' da 


< 




for all polynomials h, and we can define a continuous linear functional ip on H qi so 
that 

ip(h) = f k(z)(zh(z))'da 

J D 

for all polynomials h. Then ip has an associated kernel in H qi (see p. 113 of 0). 
Call the kernel k. For h G H q i it follows that 

ip(h) = — / k(e l9 )h(e ie ) dd. 

27r Jo 

By the Cauchy-Green theorem, 


k(z)(zh(z))' da = ip(h) 


2i r 


k{e ie )h{e ie )d8 


(4.1) 


= lim 


>1 2-7T 


'O(rD) 


k(z)h(z)zdz 


= lim [ k{z)(zh(z ))' — 
r_>1 JrO 7r 

= f k(z)(zh(z))' da, 


where h is any polynomial. 
Define the polynomial H by 


h(z)=~ r node 

Z Jo 


Then substituting H(z) for h(z) in equation (14.11) . and using the fact that (zHY = 
h, we have 


/ k(z)h(z) da = / k(z)h(z) da 
J B J D 

for every polynomial h. Since k G A q and k G H qi C A 2qi , we have that the power 
series for k and k converge in A q and A 2qi respectively. Using this fact and choosing 
h(z) = z n for n G N shows that the power series of k and k are identical, and so 
k = k and k G H qi . 
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Now for any polynomial h, 


1 

27r 


r 2n 


k(e i8 )h(e l8 )d6 



<c\\k\\ A 4h\\ Hq .. 


where we have used inequality CU). But for any trigonometric polynomial h, we 
have 




k{e i8 )h(9) d9 


1 

27T 


k(e ie ) [S(h)(e ie )] dd 


<C||fc|M|S(/i)|| 


H q i 


< Ccsc 


mum 


L q i ! 


where S denotes the Szego projection. Note that csc(n/p) is the norm of the Szego 
projection on L p (d D) (see [ID]). Now take the supremum over all trigonometric 
polynomials h with ||/i|| < 1 and divide both sides of the inequality by ||fc||,4«- D 


It is interesting to note that the value of P 2 in the above theorem is less than p 
no matter the value of q\. 


5. Open Problems and a Simple Result 

As we have noted, unlike in the case in which p is an even integer, we do not 
know how to show that if F £ TjIp - 1 )? 1 then k £ H qi . However, we can show that 
a corresponding result holds if we replace the Hardy spaces by Bergman spaces. 
This result is not difficult and may be well known, but we do not know of anywhere 
it appears in the literature. 

Theorem 5.1. Let 1 < p < oo. Suppose k £ A q and F is the A p extremal function 
for k. If F £ A( p ~ 1 ) qi for 1 < q\ < oo, then k £ A qi . If F £ H°°, then k is in the 
Bloch space, and if F is continuous on the closed disc, then k is in the little Bloch 
space. 

Proof. As stated about, k must be a positive scalar multiple of V{\F\ P /F) = 
■p(|.F| p_1 sgnF), where V is the Bergman projection. The result now follows since 
the Bergman projection is bounded from L r to A r for 1 < r < oo, and since it 
maps L°° onto the Bloch space and the space of continuous functions on the closed 
disc onto the little Bloch space (see e.g. 0). □ 

We now mention some open problems that could motivate further study. 

(1) For 1 < p < oo, if F £ ff( p ~A qi 1 is k £ H qi ? As we have said, this is 
known from [7] to be true if p is an even integer, or if F is nonvanishing 
and 2 < p < oo. 

(2) Is it the case that if k £ A qi , where 1 < q\ < oo, then F must be in 

If not, can anything interesting be said about the regularity of 
FI 

(3) If k is in the Bloch space or the little Bloch space, can anything of interest 
be said about the regularity of FI 

(4) If k £ H°°, must F £ BMO? If F £ H°°, must k £ BMO? 

(5) Does the generalization of Ryabykh’s theorem ((Theorem 14.211 hold for 1 < 
<Zi < 9? 
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(6) Is the mapping from kernels to Bergman space extremal functions contin¬ 
uous on Hardy spaces? Is the mapping from extremal functions to kernels 
continuous on Hardy spaces? (Of course, there are multiple kernels with the 
same extremal function, but they are all positive scalar multiples of each 
other, so one can make sense of this question by specifying which kernel is 
chosen). 
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